In this paper we develop an iterative approach for reconstructing fine shape details of an inclusion using higher-order EMTs. Starting from the integral equation formulation, we derive an asymptotic formula for the perturbation in the EMTs that are due to small changes in the interface of the inclusion. Based on this formula, we propose an optimization algorithm to find fine shape details. We perform some numerical experiments to demonstrate the validity of the proposed method.
Introduction
The concept of elastic moment tensors (EMTs) has been studied particularly in the context of imaging small elastic inclusions, see [8, 1] . The EMTs are associated with a bounded domain and elastic parameters and describe how the displacement field is perturbed due to the existence of an inclusion. The EMTs generalize the concept of the polarization tensors (PTs), which are associated with the electric conductivity. Both PTs and EMTs carry information on the shape of the inclusion, and it is well known that an inclusion can be approximated as an ellipse from the knowledge of the first-order terms of either PTs or EMTs. Recently, an optimization approach to recover fine shape details from the higherorder PTs is successfully investigated in [7] .
In this paper, we extend the result in [7] to the elastostatic system. We consider an elastic inclusion B which is occupied by isotropic and homogeneous materials. Supposing that EMTs are known, including higher-order terms, we seek to recursively find B. We provide a gradient descent algorithm to minimize the energy functional which is composed of the EMTs. To have the shape derivative of the energy functional, we derive an asymptotic formula for the perturbation in EMTs in terms of the interface change of the inclusion. As in [4, 5] , we follow a new optimal control approach where we assign suitable weights to the EMTs in the energy functional. 
is the strain.
Layer potentials for the Lamé System
A fundamental solution Γ = (Γ ij ) 2 i,j=1 to the Lamé system L λ,µ is known to be
where A = 1 2
and B = 1 2
.
For a given bounded domain D in R 2 , the single and double layer potentials of the density
The notation u| ± denote the limits from outside and inside of D, respectively. The followings are the well-known properties of the single and double layer potentials: Let D be a Lipschitz bounded domain in R 2 . Then we have
2)
where
Then we have the following solvability result done by Escauriaza and Seo [10] .
4)
and a constant C depending only on λ, µ,λ,μ, and the Lipschitz character of D such that 
Elastic Moment Tensors (EMTs)
We consider an elastic inclusion D which is embedded in the background region in R 2 occupied by an elastic material. The boundary ∂D of D is assumed to be of class C 2,1 , i.e., the Hölder space which consists of functions whose second derivative is Hölder continuous with exponent 1. Let C 0 and C 1 be the elastic tensor fields in the background and D, respectively. We assume that both the background and D are occupied by isotropic and homogeneous materials, i.e., the elastic tensor fields C 0 and C 1 are of the following form:
where (λ 0 , µ 0 ) and (λ 1 , µ 1 ) are the Lamé constants of the background and D, respectively.
Supposing
2 ̸ = 0, we define the elastic moment tensors (EMTs) associated with D and (λ i , µ i ), i = 0, 1, as follows: For multi-index α ∈ N 2 and j = 1, 2, let the pair (f
Here, S D andS D are the single layer potentials on ∂D corresponding to the Lamé constants (λ 0 , µ 0 ) and (λ 1 , µ 1 ). We similarly denote the conormal derivatives ∂ ∂ν and ∂ ∂ν on ∂D. Now, for multi-index β ∈ N 2 , the EMTs are defined as
The EMTs describe how the displacement field is perturbed due to the existence of an inclusion. We let
and consider the following transmission problem: 
and
The following formula shows that we have complete information about the far-field expansion of the perturbation (u − H) through the EMTs. It is obtained in [2] that
As in the case of the generalized polarization tensors in [7] , we can expand (2.9) using only the combinations of EMTs with the coefficients which correspond the polynomials satisfying the background Lamé system. Denote V n to be the space of vector-valued solutions to the background Lamé system whose components are homogeneous polynomials of degree n. Let {v n,1 , . . . , v n,dn } be a basis of V n , then
with some coefficients c n,p and d
Let (a
From (2.9), we have the following.
Lemma 2.2 We have
u(x) = H(x) + 2 ∑ i=1 ∑ m,n≥1 ∑ p,q c n,p d i m,q (x)m m,q n,p e i , wherem m,q n,p = 2 ∑ j,k=1 ∑ |α|=n ∑ |β|=m a n,p j,α a m,q k,β m j αβk .
Asymptotic Formula for the EMTs
The ϵ-perturbation, denoted by D ϵ , of the domain D is given by
where N (x) is the outward unit normal to ∂D at x, and, we assume, h ∈ C 1,1 (∂D) and ϵ is a positive small parameter. We set the Lamé constants of D ϵ as the same as of D, i.e., (λ 1 , µ 1 ).
The purpose of this section is to investigate the asymptotic behavior of the EMTs as ϵ tends to 0. From Lemma 2.2, the far-field expansions consists only of
are polynomials satisfying ∇·
Hence, we derive an asymptotic formula for those combination of EMTs and design an optimization algorithm to reconstruct the shape of an inclusion.
Let a α j be coefficients defined for each multi-indexes α and j = 1, 2 such that the vectorvalued polynomial H = ∑ αj a α j x α e j satisfies the L λ0,µ0 H = 0, then, by Lemma 2.1, the solution u to (2.8) corresponding to the inclusion D can be represented as
. Similarly, the solution to (2.8) with replacing D by D ϵ can be represented as
We set u e = u| R 2 \D and v e = v| R 2 \D . We state our main theorem in this paper.
Theorem 3.1 The following asymptotic formula holds as
for some positive β and
where the 4-tensor K is defined by
Here 
Asymptotic behavior of K * Dϵ
We follow the derivation as in [6] . Let a, b ∈ R, with a < b, and let
Then the outward unit normal to ∂D,
is the rotation by −π/2, the tangential vector at x, T (x) = X ′ (t), and X ′ (t) ⊥ X ′′ (t). Set the curvature τ (x) to be defined by
We will sometimes use h(t) for h(X(t)) and h ′ (t) for the tangential derivative of h(x). Then,
is a parametrization of ∂D ϵ . ByÑ (x), we denote the outward unit normal to ∂D ϵ atx.
From [6] , we haveÑ
Moreover, sincex
we have
One can easily see that
We now investigate asymptotic behavior of K * Dϵ as ϵ → 0. From the definition, the kernel of K * Dϵ is given by
Note that all terms in (3.10) is in the form of
Therefore, it is enough to consider only the operator with kernel (3.11).
Fixing i, j, k, we define
|x − y| 4 ,
It then follows from (3.6), (3.7), (3.8), and (3.9) that
where the series converges absolutely and uniformly. In particular, we can easily see that
Hence we now have
Applying the theorem of Coifman-McIntosh-Meyer [9] , one can derive that, for each n, the integral operator
Recall that all terms in the kernel of K * Dϵ is in the form of (3.11). Let Ψ ϵ be the diffeomorphism from ∂D onto ∂D ϵ given by Ψ ϵ (x) = x + ϵh(t)N (x), where x = X(t). From the argument above, K * Dϵ can be expanded as
where ϕ =φ • Ψ ϵ and
is bounded on L 2 (∂D). Therefore, we have the theorem below.
Theorem 3.2 There exists C depending only on ∥X∥
where ϕ =φ • Ψ ϵ .
Asymptotic behavior of S Dϵ
Let us now investigate the asymptotic behavior of S Dϵ , ∂ ∂T S Dϵ . To do that, we need to consider the asymptotic expansion to the fundamental solution of Lamé system, which is
(3.14)
, then the first term in the right-hand side of (3.14) becomes log |x −ỹ|dσ ϵ (ỹ) =
where the series ∑ ϵ n L n converges absolutely and uniformly. Since F (x, y) and G(x, y) are bounded for x, y ∈ ∂D, it follows that the operator with kernel L n (x, y) is bounded on L 2 (∂D). The second term in the right-hand side of (3.14) becomes
[
Since M 1 (x, y) and M 2 (x, y) are bounded in x, y ∈ ∂D , the operator with kernel J n (x, y) is bounded on L 2 (∂D). From the above argument, we have
(3.15)
Now, we derive an asymptotic formula for
, which is the integral operator given as, for x ∈ ∂D, ∂ ∂T
Note that the kernel of this operator is in the form of
|x −ỹ| 4 .
Following the same argument as in the case of K * Dϵ , we can prove that
whereφ ∈ L 2 (∂D ϵ ) and ϕ =φ • Ψ ϵ . From (3.15) and (3.16), the following theorem is obtained.
Theorem 3.3 There exists C depending only on ∥X∥
Potential solution to (2.4)
Let (f , g) is the solutions to (2.4), and (f ϵ ,g ϵ ) be the solution to (2.4) replacing D with D ϵ and (F, G) with (F,G). The following lemma is used in deriving an asymptotic formula for the EMTs.
Lemma 3.4 There exists C independent of ϵ such that
) ,
Proof. By applying the jump relations, we have
Note that, on ∂D,
From Theorem 3.2, Theorem 3.3, and Lemma 2.1, we prove the lemma.
Now we are ready to prove our main theorem.
Proof of Theorem 3.1
Let Ω be a ball large enough to contain D and
, and there is a constant C depending on the Lamé constants and C
From Lemma 3.4 and the boundary integral representation of u and u ϵ ,
where C is independent of ϵ.
Following the similar argument as in the proof of Lemma 2.3 in [3] , we have the following lemma.
Lemma 4.1 There exists a constant C independent of ϵ such that
where C is independent of ϵ. We compute
∇Γ(x − y)ϕ(y)dσ(y).
Applying Lemma 3.4, we have
where C is independent of ϵ. 
In a similar way, we can prove that
Proof of Theorem 3.1. From the definition of the EMTs and the jump formula for the single layer potential, it follows that
Hence, from (3.1), we have
for a disk B R centered at the origin with the radius R large enough for B R to contain D and D ϵ . Similarly, for the perturbed domain D ϵ , we have
Here, we use the fact that ∫
] dσ for any largeR = 0.
Multiplying the first equation in (2.8) by v and integrating over B R we get
Therefore, applying (4.3) and (4.4) as well, we derive
From Lemma 4.1, following the same argument as in the proof of Theorem 2.1 in [3] , we prove the theorem.
Reconstruction Procedure
Let B be an unknown target domain filled with an isotropic elastic material whose Lamé constants are assumed to be known, say (λ 1 , µ 1 ). Let m Figure 1 shows that the equivalent ellipse is gradually modified toward the target domain. The first image is an equivalent ellipse and the others are the reconstructed images D (n) for n = 4, 10, 14, 24, 37. Example 2. When the target function is a sinusoidal perturbation of a disk, we can reconstruct the shape perturbation when the angular frequency is low, see Figure 2 . Components of h orthogonal to {ϕ HF }, i.e., higher-frequency information in this example, are not detectable. 
Concluding remarks
In this paper we have presented an iterative approach for reconstructing the target's shape from the Elastic Moment Tensors (EMTs). Since the high-frequency oscillations of the boundary of an inclusion are only contained in its high-order EMTs, our recursive optimization scheme gives a more accurate shape recovery than the one using only the first-order EMTs. Moreover, since we use the truncated shape basis, which consists of only singular basis functions of {ϕ HF }, our algorithm seeks stably the target shape. The work presented in this paper is in the same vein as [4, 5] in that it uses a new optimal control approach in the shape reconstruction. Stability analysis for the shape reconstruction using this optimal control method is presented in [4, 5] .
